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CN ' Abstract. In this paper we analyse the Gevrey well-posedness of the Cauchy 

problem for weakly hyperbolic equations of general form with time-dependent co- 
efficients. The results involve the order of lower order terms and the number of 
multiple roots. We also derive the corresponding well-posedness results in the space 
of Gevrey Beurling ultradistributions. 






PLh ■ 1- Introduction 

; ! In this paper we study the well-posedness for weakly hyperbolic equations of higher 

'^ I orders of general form with time-dependent coefficients. Namely, we consider the 

J3 ' Cauchy problem 

'11^ ^ Dru = Y.7=o ^--i(t, D^)Dlu + /(t, x), (t, x) e [0, T] x R", 

D^~^u{Q,x) = gk{x), /c = l,...,m, 



> 

in 



in 

(N 



% 



where each Am-j(t,Dx) is a differential operator of order m — j with continuous 
\0 , coefficients only depending on t. As usual, Dt = \dt and D^ = ^dx- More precisely. 



we can write equation (11.11) as 
O: (1.2) /^r« = E E <^m-j,,{t)D2Dlu+ ^ a„_,,,(t)Z}2^^« + /(t,a;) 

j=0 \-y\=m-j |7l+i<' 



where / is the order of lower order terms, < / < m — 1. Concerning the lower 
order terms, throughout the paper we will only assume that am-j^^yit) G C[0,T] for 
\l\ + J < ^; and that / G C([0, T]; (^"(M")) is continuous in t and Gevrey in x of order 
s appearing in the formulation of the theorems below. 

Weakly hyperbolic equations (II. ip . (II. 2p and their special cases have been exten- 
sively considered in the literature, see e.g. [H El [6l El [9l |12], to mention only very 
few, and references therein. 

Let ^(m-j) denote the principal part of the operator A^-j and let r^it,^), k = 
1, ..., m, be the roots of the characteristic equation 

m—l m~l 

j=0 j=0 |7|=m-j 

We will analyse the following two cases: 
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Case 1: we assume that 

the roots Tfc(t, ,^), k = l,...,m, are real-valued and of Holder class C", 
< a < 1 with respect to t; they either coincide or are all distinct. 
Case 2: there exists r = 2, ...,m — 1 such that 

(i) the roots Tk(t,^), k = 1, ..., r, are real- valued, of class C^, < a < 1 with 

respect to t and either coincide or are all distinct; 
(ii) the roots Tk(t,C,), k = r + 1, ..., m, are real-valued, of class C^, < (3 < 1 
with respect to t and are all distinct. 

Homogeneous Cauchy problems of such type have been studied in the Gevrey 
framework by Colombini and Kinoshita in [5] but only in the one dimensional case, 
i.e., X G M, and with / = 0. In the present paper, we extend the result of [5] to any 
dimension ra > 1, as well as improve the indices for the Gevrey well-posedness (see 
Remarks 12.41 and 12. 7p . The idea of the proof in |5] is to reduce the Cauchy problem 
(11. ip to a differential system keeping track of all the derivatives of the solution u. 
The new unknown function contains also the lower order derivatives of u and thus 
the size of the resulting system is much higher than m. Technically, it makes it 
hard to extend this method to higher dimensions. In this paper we use the pseudo- 
differential techniques of the reduction of (II. ip to the system. This allows us to keep 
the size of the system to be equal to m and works equally well in all dimensions. 
The subsequent estimates can be then improved for several terms in the proof of the 
energy inequality. Here, we also give results for inhomogeneous equations as well as 
discuss the well-posedness of the problem (II. ip in the spaces of ultradistributions. 

More generally, in dimensions n > 1, there are a number of results available con- 
cerning the problem (ll.ip . It was known since a long time (see Ivrii [9] and refer- 
ences therein) that the Cauchy problem for any hyperbolic equation with sufficiently 
smooth coefficients is well-posed in Gevrey classes G^ with 1 < s < s^ for some 
Sm > 1- Subsequently, it was shown by Bronshtein [Ij that the equation (II. ip with 
characteristics of multiplicity r < m, with coefficients C°° in t (and also allowing C* 
in x), is well-posed in C^ for 1 < s < 1 + :^. This bound is in general sharp but 
can be improved in particular cases, such as, for example. Case 1 in Theorem 12.31 
allowing lower regularity on the coefficients and taking into account the degree of 
lower order terms. Under the smoothness assumptions on the coefficients, we have 
a = 13 = 1 in our assumptions, so that the index -^ corresponds to -^ in Theorem 

When m = 2, I = 1 and r = 2, Colombini, De Giorgi, Janelli and Spagnolo 
(see [2113]) considered equations (dH), (OD with ai,i(t) = and ao,2(t) e C^[0,T], 
S > 0. They showed that the Cauchy problem (11.11) is well-posed in G^ provided that 
l<s<l + |. In our setting this is covered by the conditions of Case 1 with a = |, 
so that the result above is included in Theorem 12.31 giving the range 1 < s < 1 -|- a. 
They also considered the case of r = 1 when they proved the well-posedness in G* for 
1 < s < 1 + Yz^. In our setting this falls under the assumptions of Case 2 with a = | 
and (3 = 6, so that their result is included in Theorem 12.61 with the same range for s. 

In [12], Kinoshita and Spagnolo considered the Cauchy problem (II. ip for oper- 
ators with homogeneous symbols in one-dimension, i.e. assuming that n = 1 and 
am-j,'y{t) = for 7 -|- j < m in (II. 2p . Among other results for such equations, they 
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showed that if am-j,'y(t) G C^[0,T], •y + j = m, and the characteristic roots satisfy 

(1.3) r,(t)2 + TjitY < M{n{t) - r,{t)y for z ^ j, 

then the Cauchy problem (11.11) is well-posed in the Gevrey space G^ provided that 
1 < s < 1 + ^^^. In our setting, the condition am-j,-yit) G C^[0,T] corresponds 
to a = - and /3 = 1. Thus, Theorem 12.61 implies the well-posedness in the Gevrey 
space G"* for 1 < s < 1 + min{^, ;^} = 1 + ^, provided that the equation has 
multiplicities (2 < r < m). In this sense the result of Theorem 12.61 improves the 
C^-coefiicients result of [12], also allowing any n > 1 and lower order terms, as well 
as removing the assumption (11.31) on the roots. 

We also present the corresponding results for the well-posedness in classes of Gevrey 
ultradistributions. It is by now well-known that the Cauchy problems for weakly 
hyperbolic equations even with smooth coefficients do not have to be in general 
well-posed in the space P'(M") of distributions, see e.g. Colombini, Jannelli and 
Spagnolo [3] and Colombini, Spagnolo [7]. In the subsequent paper we will analyse 
the propagation of singularities for weakly hyperbolic equations, and for such purpose 
it is necessary to have a framework in which the Cauchy problem would be well- 
posed. In fact, such a well-posedness result follows directly from the energy estimates 
that we will establish in the proofs of Theorem 12.31 and Theorem 12.61 However, 
there is still one subtle matter of the definition of the corresponding space of Gevrey 
ultradistributions. Namely, we will show that one has to take the Beurling Gevrey 
ultradistributions rather than the Roumieu Gevrey ultradistributions to achieve such 
results. In general, in the absence of energy inequalities certain conclusions in spaces 
containing Schwarz distributions are also possible, but such questions will be treated 
elsewhere. 

Finally we note that if the operator in (11. ip is strictly hyperbolic much more is 
known. For a detailed analysis of large-time asymptotics of equations (II. ip . (II. 2p . 
for constant coefficients, we refer to [18]. Here we note that althought (II. ip may 
be strictly hyperbolic, multiplicities may still occur for small frequencies due to the 
presence of low order terms. Equations with C^-regularity of the coefficients have 
been treated in |16j, while systems with oscillations and more regularity have been 
analysed in [19] . 

The authors thank Professor T. Kinoshita for useful discussions, and the Daiwa 
foundation for support. 

2. Main results 

From the fact that each A(^m~j){t, is a polynomial homogeneous of degree m — j 
in ^ it follows that the roots Tfc(t,,^) are positively homogeneous of degree 1 in ^. 
Combining this fact with the Holder regularity it follows in Case 1 that there exists 
a constant c > such that 

(2.1) \rk{t,o-n{s,o\<cmt-sr 

ioT k = 1, . . . ,m, for all ^ 7^ and t, s G [0, T]. 

Throughout the paper, without loss of generahty, by relabeling the roots, we can 
always arrange that they are ordered, so that we will assume that 

(2.2) ri(t,0<r2(t,0<---<^m(t,0, 
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for all t and ^. The index for the Holder regularity is preserved under such a rela- 
belling. More precisely, in Case 2 we have that fl2.ip is true with exponent /3 when 
r + 1 < k < m and 

(2.3) ri(t,0 < T2{t,0 <---<rr{t,0 < rr+i{t,0 < T.+2(t,0 < •■■ < rUt,0, 
for all t and ■C 7^ 0- From the homogeneity in ^ we also have that 

(2.4) rfc(t,0-rfc-i(t,0>co|el 

for some constant Cq > and all fc = r + 1, ..., m, uniformly in t G [0, T] and ^ 7^ 0. 
Throughout the paper we also assume that the roots which coincide have the following 
uniform property: there exists c > such that 

(2.5) |r,(t, - Tjit, 1 < c\Tk{t, - n-i{t, 01 

for all 1 < i,j,k < r, for all t G [0,T] and ^ G M". We note that although condition 
(12. 5p was not explicitly stated in [5j, it is required for their proof also in the case 
n = l(tl3j). 

We first formulate the results in Gevrey spaces. Throughout the formulations, in 
inequalities for indices, we will adopt the convention that ^ = +00. We briefly recall 
the definition of the space G*(M"), the space of (Roumieu) Gevrey functions. We 
denote No = NU{0}. 

Definition 2.1. Let s > 1. We say that f G C°°(M") belongs to the Gevrey class 
G*(M"') if for every compact set K C M" there exists a constant C > such that for 
all a G Nq the estimate 

\d''f{x)\ <Cl"l+^(a!)" 
holds uniformly in x E K . 

We recall that G^{W) is the space of analytic functions and that G"(R") C G''{W) 
if s < cr. For s > 1, let Go(I^") be the space of compactly supported Gevrey functions 
of order s. In the paper we make use of the following Fourier characterisation (see 
[m Theorem 1.6.1]), where (0 = (1 + 10^)^- 

Proposition 2.2. 

(i) Let u G G'o(IR"). Then, there exist constants c > and 5 > Q such that 

(2.6) |«(0I <ce-'^<«>* 

for alii e W. 
(ii) Let u G S^'{W^). If there exist constants c > and 5 > such that (12. 6p holds 
thenueG'iR"). 

We now formulate the result for Case 1. 

Theorem 2.3. Let T > and < I < m — 1. Assume the conditions of Case 1. 
Then for any gk{x) G G''^(R") (k = 1, . . . , m), the Cauchy problem (II. ip has a unique 
global solution u G C™([0,T]; G^(M")), provided that 

(2.7) 1 < s < 1 + min <^ a, — - — 
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Remark 2.4. In [5\, the authors proved that in one dimension n = 1 and f = 0, 
the well-posedness in Theorem \2.3\ holds provided that 1 < s < 1 + min|a,^3Y}. 
Theorem \2. 31 improves this result by increasing the second factor under the minimum, 
as well as gives the result for any dimensions. 

If we observe that a < ^^ is equivalent to / < -^^ , we get 

Corollary 2.5. Under conditions of Case 1, if the order of lower order terms satisfies 
I < y, then the well-posedness in Theorem \2. 3\ holds for 1 < s < l+a. More precisely, 
if we assume that I < ■^^, then the well-posedness in Theorem \2.3\ holds provided that 
l<s<l + a. 

Under assumptions of Case 2, if there are simple roots, sometimes the index in (12 .yp 
can be improved. However, this should not be generally expected as a multiplication 
of a weakly hyperbolic polynomial by a strictly hyperbolic one should not, in general, 
improve the well-posedness of the Cauchy problem. 

Theorem 2.6. Let T>0,2<r<m — 1 and < I < m — 1. Assume the conditions 
of Case 2. Then for any gk{x) G (j'*(]R") (k = 1, . . . ,m), the Cauchy problem (II. ip 
has a unique global solution u G C™([0,T]; C(M")), provided that 

(2.8) 1 < s < 1 + min I a. 



'r-/3 

Remark 2.7. In [5J, the authors proved that in one dimension n = 1 and f = 0, the 

well-posedness in Theorem \2.6\ holds provided that 1 < s < 1 + min < a, ;^3^, ^^ > . 

Theorem \2.6[ improves this result by removing the last term under the minimum, as 
well as applies to all dimensions. 

The result of Theorem 12.61 is better than that in Theorem 12.31 if there are few 
multiple roots, or if the order of lower order terms is sufficiently high. In particular 
and more precisely, it can be easily checked that ^^^ > ^^ if r < £^ (where r is 

the number of multiple roots), or if / > ^'^~p>'^ (where / is the order of lower order 
terms) . 

It is interesting to observe the implications of Theorem 12.61 for equations with at 
most double roots (r = 2) in the Cauchy problem (II. ip . (I1.2p . where the coefficients 
am-j,7 belong to C^ with < 5 < 1 and I7I + j = m. In this case we have a = | and 
/3 = (5, and since | < gz^, we obtain 

Corollary 2.8. Assume that in Case 2, we have r = 2 (i.e. double roots) and that 
for I7I + i = m the coefficients satisfy am-j^-y G C^[0,T], < 6 < 1. Then the Cauchy 
problem (^ is well-posed in C™([0,T]; ^'^(M")) /or 1 < s < 1 + |. 

Finally we observe that all the arguments in the proofs remain valid if the equation 
( 11. ip is pseudo-differential in the x- variable: 

Remark 2.9. The results of Theorems \2.3\ and \2.6[ apply in the same way for op- 
erators in (ll.ip that are classical pseudo-differential in D^, if we take g^ G G'q(M"), 
k = 1, . . . ,m, to be compactly supported. 

Also, if the equality in i\2.7\) or i\2.8\) is attained, the local well-posedness in Theo- 
rems \2.3i and \2.6\ and in the first part of this remark still holds. 
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Before proceeding with the uhradistributions and with the proof of the theorems 
above we give some examples. For more examples in one dimension we refer to [S], 
with the corresponding improvement in indices given by Remarks 12.41 and 12.71 

Example 1. Let us consider the equation 

D^u = -a{t)DtA,u + L{t, D,, Dt)u, 

where a{t) > belongs to C^'^{[0,T]), A^. = d^^ + ... + d^^ and L is a differential 
operator of order / < 2. The corresponding principal symbol is r^ — a(t)|^pr with 
roots Ti = —^/a{t)\^\, T2 = and T3 = ^^/a(t)\^\. According to Theorem 12.31 given 
initial data in G*(M"') the corresponding Cauchy problem has a unique solution u G 

C\[0,T];G%W)) with 

■ / 3-/' 
1 < s < 1 + mm < a 



I 
Note that the same well-posedness result holds for 

n 
i=l 

when we assume that the coefficients bi are real- valued of class C" and the multiplicity 
is at a point to ^ [0, T] such that 6j(to) = for alH = 1, ..., n. We can apply Theorem 
12.31 and as an example of the reordering of the roots in the proof, we relabel the roots 
of the characteristic polynomial r^ — Yli bi{t)Ci^^ cis 

ri(t, = min J ^ 6,(t)e„ I , ra = 0, r^it, = max i ^ 6,(^)6, \ . 

Example 2. We study the Cauchy problem 

Dfu = -(a(t) + h{t))Dl/\u - a{t)b{t)A'^u, D{u{0, x) = gj{x), j = 0, 1, 2, 3, 

where we take a G ^^"[O, T], 6 G C^[0, T] with a{t) > and b{t) - a{t) > 6 > 0. The 
roots of the characteristic polynomial are ri(t,^) = —^^/a(t)\^\, T2{t,^) = +^/a(t)\^\, 
Tsit,^) = -^/W)\^\ and n{t,C) = +^/bit)\^\. Hence, r = 2 and from Theorem [M] 
we have well-posedness in C^([0,T]; (^^(M")) with 

f /3 
1 < s < 1 + min < a, 



2-/3 



Equations of this type were considered in [6J, where the well-posedness was proved 
for 1 < s < H-minja, |}. Thus, Theorem 12.61 gives an improvement of this result. It 
also extends the one-dimensional version of this equation considered in |i5j, Example 
3]. 

Before stating the ultradistributional versions of Theorems 12.31 and 12.61 we recall a 
few more facts concerning Gevrey classes and ultradistributions. For more details see 
|14j . or pTf Section 1.5] for a partial treatment. We first recall the Beurling Gevrey 
functions. 
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Definition 2.10. Let s > 1. We say that f G C°°(]R") belongs to the Beurling Gevrey 
class G''^*)(]R"') if for every compact set K C M" and for every constant A > there 
exists a constant Ca > such that for all a G Nq the estimate 

|9"/(x)|<CAAH(a!)^ 

holds uniformly in x E K . 

Analogously to Proposition 12.21 we have the following Fourier characterisation, 
where Gg (M") denotes the space of compactly supported Beurling Gevrey functions. 

Proposition 2.11. 

(i) Let u G Gq (M"). Then, for any 5 > there exists C^ > such that 

(2.9) |M(OI<G,e-^<«>' 

for alii eW. 
(ii) Let u G y{W). If for any 6 > there exists Cs > such that ({23]) holds 
thenu G G(")(M"). 

For s > 1, the spaces (jq(M") and Gq (R") of compactly supported functions can 
be equipped with natural seminormed topologies, and by P^(M") and "D^JM") we 
denote the spaces of linear continuous functionals on them, respectively. We use the 
expressions Gevrey Roumieu ultradistributions and Gevrey Beurling ultradistribu- 
tions for the elements of P^(M") and P(,)(M"), respectively. Let ^^(M") and ^(,)(M") 

be the topological duals of C(]R") and G*^*-*(R"), respectively. By duality we have 
£^(M") C P;(R") and ^(,)(M") C :P(,)(M"). The Fourier transform of the functionals 
of £^^(R") and SiJMJ^) can be defined in the same way as for the distributions. Then, 
the following characterisation holds (see [T ^ [T5 | \T7\): 

Proposition 2.12. A real analytic functional v belongs to £^(M") if and only if for 
any 6 > there exists Cs > such that 

for all i G M". Similarly, v G S',^JW^) if and only if there exist 6 > and C > such 
that 

HOI <Ge^<«>^ 
for alii eW. 

We are now ready to state the ultradistributional versions of Theorem 12.31 and 
Theorem 12.61 

Theorem 2.13. Let T > and < I < m — 1. Assume the conditions of Case 1. 
Then for any g^ G f^rJM") (k = 1, . . . ,m), the Cauchy problem (11. ip has a unique 
global solution u G C'^{[0,T]]V[^^{W)), provided that 

f m — I 
1 < s < 1 + min < a, 



I 
The situation in Case 2 is as follows: 
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Theorem 2.14. LetT > 0, 2 < r < m — 1 andO < I < m — l. Assume the conditions 
of Case 2. Then for any g^ € £',^-.{W^) (k = 1, . . . , m), the Cauchy problem fll.ip has 
a unique global solution u G C""([0, T]; 'D^^(M")), provided that 



1 < s < 1 + mill < a, 



/3 



r-13 



It is interesting to note the non-strict inequalities for s in Theorems 12.131 and 12.141 
as opposed to strict inequahties for s in Theorems 12.31 and 12.61 see also Remark 12.91 



3. Reduction to first order system and preliminary analysis 

We now perform a reduction to a first order system as in [20]. Let (-Dx) be the 
pseudo-differential operator with symbol {S)- The transformation 



uu = Dl-'{D,) 



\m—k 



M, 



with k = 1, ..., 771, makes the Cauchy problem fll.ip equivalent to the following system 
(3.1) 



Dt 



f ui \ / (D^) ... \ f ui \ /0\ 

{D,) ... 

(D.) 

\ bi 62 bm 



\Um J 



J 



+ 



\Um J 




\f J 



where 



with initial condition 

(3.2) uu\t=o = {D,r-''gk, 

The matrix in (13. ip can be written as A + B with 



k = 1, ...,m. 



A 



( {D^) 
{D^) 



\ &(1) &(2) 

where 6(j) = A(rn-j+i){t, D^){D^Y~'"^ and 



/ 



B 


















\ 


b{m.) / 









\ 



\bi- 6(1) &2 - 6(2) • • 



b{m) j 



It is clear that the eigenvalues of the symbol matrix v4(t,^) are the roots Tj{t,C,), 
j = 1, ...,m. By Fourier transforming both sides of (13. ip we obtain the system 



(3.3) 



D,V = Ait,OV + Bit,OV + F{t,0, 
V\t=o{0 = K,(0, 
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where V is the m-column with entries v^ = Uk, Vq is the m-column with entries 
Vo,k = (0""'% and 

(0 ... \ 

(0 ■■■ 

(0 

V hi)it,0 h2){t,0 hm){t,0 ) 



( 



A{t.i) 



bu){t,o = Am-j+i)it^O{0 



J— m, 



B{t,0 



( 



V(6i-6(i))(t,0 









... 











... 







\ 



(&m-&(m))(t,0 / 

(6, - %))(t,o = (A™-,+i - A(„_,+i))(t,0(0''-'", 
/ \ 



^(^,0 







From now on we will concentrate on the system (13.31) . We collect some preliminary 
results which will be crucial in the next section. Detailed proofs can be obtained by 
easily adapting the Lemmas 1, 2, 4 and 5 in fSl, Section 2] to our situation. 



Proposition 3.1. Let Aj G M, i = 1, ...,m, be distinct and let 



( 



(3.4) H 



my 



my 



my 



m—l //:\~m+l \m-l /tX-m+l \m-l//-\— m+1 



yxr^iO'^^^' xr'io 



K-'iO- 



1 

mo-' 



\ 



m'io-"''^' J 



Then we have the following properties: 

(i) detH= iO-^''^ ni<,<.<„.(A. - A,) and 



m— 1 



det{A{t,0 - rl) = (-l)™(r- - ^ A(„_,)(t,Or^' 

j=0 

(ii) the matrix H^^ has entries hpq as follows: 



I'pq 



'_IY 1(^)9 ^E5('")(m-g)^n---^'™-, 



:-i)™-i(er-Mnr=M^p(A.-A,; 



-q\]\T=l,ijtp{.^i - K)] 



-1 



1 < g < -m — 1, 
q = m^ 



where S^ (c) = {(zi, ..., i^) G N"^; I < ii < ■ ■ ■ < ic ^ ct, ik ¥" b, I < k < c} . 
(iii) the matrix H~^A{t,^)H has entries 



^pq 



\Tq -^qj -f-fm 



IYiLi,i^pi^i - K) 



10 
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when p j^ q. 
(iv) the matrix H~^B{t,C,)H has entries 



d 



pq 



^»n— 1 






^(A 



97' 



where g{T) = Y1%q {Am-j - A(^_j))(t,0^^- 
(v) Assume that Xj G C"^(]R(), j = 1, ...,m. The matrix H~^-^H has entries 



'Ap(i) l^i^i^ijLp 



A,(t)-Ap(t)' 



e, 



p<? 



-A^(t)^ 



n™i,i^,,,_(Mi)-vt)) 

(A.{t)-Ap{t)) ' 



= l,i7^p 



p = g, 



p^q. 



Proof. We only prove assertions (iii) and (iv) and (v). 

(iii) Let w{t) = J2T=o A(m~j)(t,^)T^ . Arguing as in the proof of Lemma 5 in [5] 
we have that 



\^pq)l<:P,g<r 



H 



-1 



/ Ai 

A?(0-^ 

A?(0-^ 



A2 

Ai(e)"^ 



A3 



\w{\,){0~"'+' W{\2){0'"'+' W{\3){0 



—m+1 



Am 

A^(e)-^ 



Assertion (ii) yields 



in—l 



^Pq ~ ^ ^P'-^g^'^) ^ + Vm(0 *" /(Aq 



r=l 



m—1 



5^(-ir^ 5^ A,...A,_. n (^^-^p) ^; 



r=l 



^^.'"'(m-r) 



i=l,i^p 



+ {~ir-'( n (A.-Ap)] 



/(A, 



q/' 



which coincides with formula (25) in [5J. The proof continues as in [5l Lemma 5]. 

(iv) Let g^r) = J2T=o i^m-j — A{m~j))it,^)T^ . The matrix H~^B(t,^)H can be 
written as 



/ 



[dpq) 



l<p,q<m 



H 



-1 





















V^(Ai)(0-"+' 9iM){0-"''-' 9{X3){0-"'^' 

From (ii) we conclude that 

-1 









\ 



^(Am)(e)-"^+' / 



dpq = {-ir^HO'"-'( n (^^-^p)) 



iO-'^'giK) = (- 






(A, 
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From the definition of H we fiave tliat H ^-^H is tlie matrix 



/ 



H-' 












KiO-' 


A'2(0-' 


m)-' 


(A?)'(e)-^ 


(A^)'(O-^ 


i^ino-' 



m—l\///:\—m+l t \^^^\' / CX—m+l ( \'^~^\' / C\-m+l 



\ (Ar')'(o-™"'' (Ar')'(0"'"+' (ArO'(o 



\ 

(A^)'(e)-^ 



Hence, making use of tlie second assertion of tliis proposition we obtain 



m~l 



ep, = Yl Kr{r - l)y-^\',{^)-'^' + K^{m - 1)A™-2a;(0 



m— 2 \ / I c\—ni+l 



r=2 
m—1 



E(-ir"'(^)^"' E A,...A._( n (A.-Ap)j 

r=2 K{"'h^-r\ \=l,i^p 



-1 



r-2 \/ /f\-r+l 



(A, -A,) A;-X(0 



S'p'(m-r) 



■ir-^(o™-^( 11 (A. -A,)] 



-1 



(m-l)A';-^A'(0 



»n— 2 \/ //-x — m+1 



m—1 



E(-ir' E A,...A,_. n (A.-Ap) A^^A; 



r=2 



S^^\m-r) 



i=l,ij^p 
m 



+ {-ir'H n (A.-Ap)) (m-l)A™-X- 

Ttiis is tlie expression for bpg in the proof of Lemma 4 in |5j . The proof continues as 
in [5l Lemma 4]. D 



We now proceed to analyse the roots Tj. We perform the natural regularisation 
and separation process, but it will be different under the assumptions of Case 1 or of 
Case 2. To simplify the notation, although the functions below will depend on e, for 
brevity we will write Xj{t,^) for Xj{e,t,^). 

Proposition 3.2. Let (f G C^(]R), f > with J^if{x)dx = 1. Under the assump- 
tions of Case 1, let 



(3.5) 



A,(t,0 = (r,(-,0*^.)W+J^"(0, 



for j = l,...,m and feis) = e ^(f{s/e), e > 0. Then, there exists a constant c > 
such that 

(i) \dAj{t,0\<ce--'{0, 
(ii) |A,(t,0-r,(t,OI<c£°(e), 
(iii) X,{t,0-\{t,0>e"{Oforj>t, 

for all t,s e [0, T'] with V < T and all ^ e M". 
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Proof. By definition of convolution, if R is large enough, one has 
(3.6) \dtXj{t,0\=£'^ Tj{t-es)(f'{s)ds 

J-R 

/R i-R 

(Tjit - 6S,0 - Tj{t,0)ip'{s) ds + E-^ / Tj{t,^)ip'{s)ds, 
R J-R 

and, therefore, by (^ we obtain \dtXjit,^)\ < c£"-^(0 for all t, s G [0,T'] and 
^ e M."-. The second and third assertions follow immediately from the definition of 
Xj, where we note that in view of (12.21) and the fact that v? > it is enough to observe 
(iii) for j — i = 1. D 

Proposition 3.3. Let ip G C^(]R), v' > with J^ip{x) dx = 1. Under the assump- 
tions of Case 2, let 

X,{t,0 = {r,{;0*n){t), r + l<j<m, 

for < 6,e < 1. Then, there exist constants c > 0, cq > such that 

(i) \dtX,{t,0\<ce^-\0 forj = l,...,r, 
(ii) |A,(t,0 -r,(t,OI < CE^iO for J = l,...,r, 
(iii) A,+i(t,0 - A,(t,0 > e^iO for J = 1, ...,r - 1, 
(iv) \dtX,{t,0\ < cd^-'iO forj=r + l,...,m, 
(v) \X,{t,0-r,it,0\<c6P{0forj=r + l,...,m, 
(vi) A,+i(t, - A,(t, > coiO for J = r, ..., m - 1, for e = {0'^ with 7 G (0, 1), 

5 = {i)^^ and \^\ large enough, 
(vii) Xj{t,i) - Xiit.C) > co(0 for j = r + l,...,m, i = l,...,r, e = (^"^ with 
7 G (0, 1), 6 = {0~^ (^rid 1^1 large enough, 

hold for all t,s e [0, T'] with V < T. 

Proof. The first three assertions are clear from Proposition 13.21 and 02. 3p . Assertion 
(iv) can be proven as in (13. 6p . Assertion (v) follows immediately from the C^-property 
of the roots Tj when j = r + 1, ...,m. We finally consider the difference Xj+iit,^) — 
Xj(t,^). If j = r + 1, ..., m — 1 then from the bound from below (12.41) we obtain the 
estimate 

A,+i(t,0-A,(t,0>co(0 

valid for t G [0,T'] and |^| large enough. It remains to consider Aj+i(t, ,^) — Xj{t,C,) 
when j = r. Making use of the definition in (13. 7p we can write 



Ar+i(t,0 - Ar(t,0 = / Tr+i{t-5s,^)(p{s)ds- / Tr{t - Es, ^)(p{s) ds - re" {^ 

Jr Jr 

= / {Tr+i{t-6s,^)-Tr+i{t-es,^))ip{s)ds+ / {Tr+i{t-es, ^)-Tr{t-es, ^))f{s) ds-re'^{0 . 

Jr Jr. 

Hence, combining (12. 4 p with (12. ip we get 
A,+i(t, - Xrit, > coiel - c\e - 6f\^\ - re'^iO > col^l - c\e - 5f\^\ - re''V2\^l 
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for |,^| > 1. It follows that for 

(3.8) \^-S\'<f^^\e-6\<{^)^^ (0-^(1 - iO-'^-) < (|)^ 

and 

one has 

Assertion (vii) follows from (vi). D 

In the sequel, with abuse of notation, we will still denote the smaller T' in Propo- 
sitions 13.21 and 13.31 by T. 

Proposition 3.4. The property (12.51) holds for the Xj 's as well, i.e., 

(3.10) \\{t,0 - A,(t,OI < c\Xk{t,0 - Xk-i{t,0\ 

for all l<i,j,k< r, for all t e [0, T] and ^ G M". 

Proof. Assume that i > j. Hence 

|A.(t,0 - A,(t,OI = (r.(-,0 - r,i;0) * ^eit) + it-j)e"{0 
and 

|Afc(t,0 - Afe_i(t,OI = {rk{;0 - Tfc-i(-,0) * <^s(t) +^"(0- 
From (12.51) and the fact that </) > we get that 

|A,(t,0-A,(t,OI < c{n{■,0-rk-l{■,0)*Vs{t) + {^-J)e''{0 < c'|Afc(t,0-Afc-i(t,OI 
holds for all t G [0, T] and ^ G M". D 

4. Proof in Case 1: Theorem 12. 31 and Theorem 12.131 

We first prove Theorem 12.31 It is well-known that the problem (I3.ip -( l3^ is well- 
posed when s = 1, see e.g. [IDl E]. Hence, we may assume s > 1. In the case of 
Theorem 12. 31 we can also assume that the initial data have compact support. Since 
weakly hyperbolic equations have the finite speed of propagation property it follows 
that the solution u is compactly supported in x as well. This observation allows us 
to proceed with the reduction to a first order system of Section 3. 

Let H{t,C,) be the matrix (13. 4p with entries Xj{t,^) as in (13. 5p . Observe that the 
approximated roots Xj are distinct for all e > 0. We look for a solution V of the 
Cauchy problem (13. 3 p in the form 

(4.1) V{t, = e-^W<«>* (det H)-^HW, 

where p G C^([0,T]) will be determined in the sequel. By substitution in (13. 3p we 
obtain 

e-''W<«>'(deti7)-ii7AW^+e-^(*)<«>'ip'(t)(0'(det/7)-ii7H^+ie-^W<«>'-^^^i7W^ 
+ e-^(*)<«>* (det H)-\DtH)W = e-^(*)<«>* (det H)-\A + B)HW + F. 
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Multiplying both sides of the previous equation by e^'-*-'^^^ ^ (det H)H ^ we get 

DtW+ip'(t)(O^W+i^^^^W+H-\DtH)W = H-\A+B)HW+eP^'^'^^^'^ (det H)H-^F. 

det if 

Hence, 

(4.2) dt\Wit,0\' = 2ReidtWit,0,W{t,0) 



- 2lm{H-^AHW, W) - 2lm{H-^BHW, W) - 2Im(e''(*)<«>^ (det H)H~^F, W). 
We proceed by estimating 

(^\ dt det H 
V '' detH ' 

(2) \\H~'dtHl 

(3) \\H-^AH -{H-^AH)*l 

(4) \\H-^BH -Ih-^BH)*\\. 

4.1. Estimate of the first term. Proposition 13. l( i) combined with Proposition 13.21 
yields the following estimate 



(4.3) 



dt det H{t,0 



det H{t,0 



{0-'"'^^tU^<,<^<J)^^it,0 - A,(t,e)) 



(o-^^^n 



l<j<i<m 



(A.(i,0-Ai(«,0) 



l<j<«<m 

valid for all t G [0, T] and ^ G R". 



■^ — — — ci e , 



|A4t,0-A,(t,e)| 



^-(0 



4.2. Estimate of the second term. From Proposition I3.1( v) the entries of the 
matrix H^^{t,^)dtH{t,C,) can be written as 



(^pqV^i S j 



-dtXp{t,OET=i,i^p 



1 



A,(t,5)-Ap(t,0' 






p = q, 
p^q. 



From Proposition 13.21 we clearly have that 



|epp(t,OI < c- 
To estimate €„„ when q ^ p we write 






ce 



dtXq{t,0 



as 



5tA,(t,0 



nr=M^p,,(A.(t,o-A,(t,o) 
nr=M^p(A.(t,o-Ap(t,o) 

nr=wp,,(A.(t,o-A,(t,o) 



n::M^p,,(A.(t,o - Ap(t,o)(A,(t,o - Mt^or 
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Since |A,(t,0 - A,(t,OI < |A.(t,0 - Ap(t,OI + |Ap(t,0 - \it,0\ arguing as in (40) 
in [5] and making use of the estimate f l3.10p we obtain that 






Hence, \\H-^dtH\\ < C2e-\ 



4.3. Estimate of the third term. From Proposition I3.1( iii) the matrix H ^AH 
has entries 

when p ^ q. As in formula (46) in [5J we have 

nr=w,k.(^,o-vt,oi 



\T, 



,(t,0-A,(t,OI 



nr=M^jA,(t,o-A,(t,oi 



-''^^''^^"'^^''^^' Ew.l^^(^'0-A,(U)l 

2.MU)-A,(U)I 2. Em..I^^(^'0-a.(U)I 

kq(t,o-A,(t,or 



^=^ Sir\rn-k) 



+ 



nr=M^piA.(t,o-Ap(t,or 

Proposition 13.21 combined with 

k.,(t,0 - r,it,0\ < Kit,0 - A.,(^,OI + |A.,(t,0 - Ag(t,OI + |A,(t,0 -rg(t,OI, 

the property (12. 5 p and the fact that \Ti{t,^) — Tj(t,C,)\/\Xi(t,^) — Xj(t,^)\ is bounded 
when i y^ j, yields the estimate 

|cpg(t,oi<cy£"'(o' y , ,, , ,, +c , ,;;;, — r<c£°(e). 

I i^ij\ 7^/1 — / J \^' / ^ <;-o(m— 1)— o(m— fe) tra(ni— 1) /t\m— 1 — ^^' 

This implies \\H-^AH - {H-'^AHy\\ < c^e'^^C). 



4.4. Estimate of the fourth term. From Proposition 13. l( iv) we have that H ^BH 
has entries 

. m X -1 

where g^r) = YlT=o i^m-j — ^{rn-j))(t,0''''^ ■ Assume that we have lower order terms 
of order /. Then \g{Xq(t,^))\ < C(^)' and by Proposition I3.2( iii) we get 

Mp,(t,0l<c5°(^-"^)(0^™^'^'. 

Hence \\H-^BH - {H-^BH)*\\ < C4e°(i~™)(0''"'+^- 
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4.5. Conclusion of the proof. Making use of these four estimates in (14. 2 p we get 

(4.4) dt\W{t,0\' 

+ C"e(''W-^i)<«>*|Vr(t,OI 

where 5i > depends on /, in view of Proposition I2T^ Set e = {0^'^- By substitution 
in (14. 4p we arrive at comparing the terms 

Choose 7 = minJY^, ^^}- It follows that max{7,7a(m — 1) + / — m + 1} < — 70; + !. 
Then, if we take s > such that 

. ,1 f 1 m-l] 

(4.5) - > -7a + 1 = - min< , >a + l 

s il + a am J 

am — /") ( 1 I 

mm< , > + 1 = max< 



1 + a m j \1 + a m 

for a suitable decreasing function p (for instance p{t) = p(0) — nt with /t > and 
p(0) to be chosen later) we obtain 

(4.6) 5,|W^(t,0r< (2p'(t)(0' + C(0-^"+^)|W^(t,0P 

+ 2e^W«>'deti7(t,OI^^^(t,OII%OI|W^(^,OI 

< (2p'(t)(0' + C(0"^"+')|W^(t,0r + C'e(''W-^^)<«>'|iy(t,0|. 

Note that (14. 5 p implies 

f m^ \ m — I 

s < mm< 1 + a, — > = 1 + mm< a 



I J i ' / 

Assuming for the moment that |l^(t,^)| > 1, taking p(0) < 5i we get the energy- 
estimate 

(4.7) dt\W{t,i)\^ < (2p'(t)(0' +C(0"^"+' + C"e(''W-'^^)<«>')|iy(t,OI' < 0, 

for large enough |^| (note that it suffices to consider only large |^|). Consequently, 
(14. ip and (14. 7p imply the estimate 

(4.8) \yitM = ^-'^'^^^^''^^^^^\H{tM\w{t,o\ < 
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where, for 7 as above, we have 



Hence, 

(4.9) 



™|i.(u)ii.-.,o,,)i.c.-^-^^.«r-^. 



\V{t,0\ < ce(-''W+^W)«)'(er^^^^^|r(0,OI, ioT\W{t,0\ > 1, 
\V{t,0\ <ce-^W<«>*(0^"^^^^^, ioT\W{t,0\ <1, 



with the second hne following directly from (14. ip . The estimate (14 .yp combined with 
the Fourier characterisations of Proposition 12.21 yields the statement of Theorem 12.31 



if we choose k > small enough. If s = 1 + min< a, ^^^ >, we need k to be large 

enough in fl4.6p . so that fl4.9p still implies the local in time well-posedness (showing 
a statement in Remark 12. 9p . 

We note that in view of the characterisation in Proposition l2.12[ the estimate (14. 9 p 
also yields the statement of Theorem 12.131 In this case we can also allow the critical 



, ) ^ m—l I 



case s = 1 + min< a, ^^ >. Indeed, differently from the case of Theorem 12. 3[ taking 



K > to be large enough, we can make sure that the estimate (14.70 holds, while 
(14. 9 p yields that V(t, C,) satisfies the estimates of Proposition 12. 121 for any value of T. 
Because of the presence of the function p in (14. 9 p the obtained result is in the space 
of Gevrey Beurling ultradistributions rather than in the space of Gevrey Roumieu 
ultradistributions. 

5. Proof in Case 2: Theorem 12. 61 and Theorem 12.141 

We work on the energy estimate similar to the Case 1. However, the different 
nature of the approximated roots Xj{t,C,) yields different estimates for the terms 

(^\ dt det H 
V '' dctH ' 

(2) \\H-'dtHl 

(3) \\H~^AH -{H-^AH)*l 

(4) \\H-^BH -Ih-^BH)*\\. 

5.1. Estimate of the first term. Arguing as in (14. 3 p we have 



dt det H{t,0 



< 



E 



\dMt,0-dt\,{t,0\ 



det H{t,0 



!<,<.<. |A.(U)-A,(t,OI 






l<j<i<r ' *V5S; JV'Syi r+l<j<i<m ' 'V''^/ JV'S7I 



^ \dtXi{t,o-dtX,{t,o\ 
^ \Xi(t,n-xAt,n\ 

l<j<i<m, I «V '"^^ JV 'S7I 



j<r,j>r+l 

Proposition 13.31 yields for t G [0,T] and |.^| large enough the following estimate: 



dt det H{t,0 



det Hit, 



a-l 



iO , ,S^-'{0 , ue'^-'iO + S'-'iO 
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We note that here we can use Proposition I3.3( vi) since we will set e and 5 later to 
be as required. 



5.2. Estimate of the second term. The entries of the matrix H ^{t,^)dtH{t,^) 
can be written as 

{-dt\p{t, Y^Zl,i^p A,{t,0-Ap(t,0' ^ " ^' 
Let us start with the case p = q. We have 

It follows that, for |^| large, 

Q-l/£\ £"-!(£) 



co(e) 



|epp(t,^)| < c ^ ^^^ , 1 + r < p < m. 



Hence, 



epp(t,OI < c'max{e-\6'^-^}. 



When p y^ q we argue as in [5J (estimates (38), (39), (40)). In particular, when 
both p and q belong to {1, ...,r} we follow the arguments of Subsection 14.21 for the 
corresponding term in Case 1. We obtain, for |^| large enough, 

\epq\ < c6^~'^e'^^^-''\ l<p<m,r + l<q<m, 
\epq\ < ce"~^, r + l<p<m, l<q<r, 

Icpgl < ce~^, I < p < r, 1 < q < r. 

In conclusion, \\H-\t,^)dtH{t,^)\\ < C2raax{e-\6^-h''^^-^^ for t e [0,T] and |^| 
large enough. 



5.3. Estimate of the third term. The matrix H ^AH has entries 

nr=w,(T.(t,o-\(t,o) 



Cpq{t,0 = {rg{t,0-K{t,0) 



Ewp(A.(t,0-Ap(t,e))- 
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Arguing as in Case 1, making use of the estimates in Proposition 13.31 and of the 
assumption fl2.5p we obtain, for |^| large and l<p<T, l<g<r, 

UT=i,^, \r,it, - Kit, 1 + \nit, - r,it, 1 



<|r,(t,0-A,(t,OI 



nr=wpiA.(t,o-Ap(t,oi 



m—1 



2^\Mt,^}-\{t,^}\ 2^ __________ 

n—k) 



.-(.-.) n-....iA.(t,o-A.(u)i 



^rir=M^piA.(t,o-Ap(t,oi 



"^ ^ -ak I c\k I C\iTT-~k 



pOik I &\k I &\m—k pOtml(:\m 

<^Y < n r ; WM f+c , ,,,!, , < c'max{5",£"('"-^'+i)}(0 = c'e'^iO. 

— / -I cCi(r—l)—a{r—k)/C\'m—l c-a(r— 1) /tym— 1 — '■ ' -> ^^' ^^' 

lir + l<q<m and 1 < p < r then 

(5.2) |r,(U) - \(i.Ol "r'-''''|'"'f;^'"";'';^''| < ^'(0;^ = cS^e^'^-HO^ 
Ifr + l<g<m and 1 + r <p <m then 

(5.3) ir,(t,o - A,(t,oi "r'-"^':^f;f"';f;f', < c5^(o- = c'5''(o. 

Finally, if 1 < g < r and 1 + r < p < m then 

(5.4) \r,(t,i) - A,(tOl "r'-'''!"'[f''y''^''| < -"«>- = c'."«). 

Combining (EH]) with (O, (O and (JED we obtain 

|cpg(t,OI < cmax{e",5V(i-"),(5^}(0 = cmax{e", 5^e"(i-'')}(e). 

Hence, \\H~^AH-{H-^AHy\\ < cgmaxje", 5%°(i-'^)}(0 for t e [0,T] and |^| large 
enough. 

5.4. Estimate of the fourth term. The entries of the matrix H^^BH are given 

by 

dp,(t,o = (-ir-M n iut,i)-\it,m giXg{t,o), 

where ^'(r) = J2T=o {^m-j — ^{m-j)){t,0'^'' ■ Assume that we have lower order terms 
of order /. Then, 

Mp,(t,OI<c(0"™+'+', r + l<p<m, 
and \\H-^BH - {H-^BHy\\ < C4e"(i"'^)(0'"'"+^ for t e [0,T] and |^| large enough. 
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5.5. Conclusion of the proof. We now make use of the four estimates above in 
(USD- We get, for large |^|, 

(5.5) dt\W{t,0\^ < 2(p'(t)(e)^ + Cimax{£-\(5'^-i} + C2max{£-\(5'^-i£"(i-'^)} 

where (5i > depends on /. Set 6 = (0^^ and e = {^^'^ ■ Then we have 

(5.6) dt\Wit,0\' 

+ C"e(''W-^i)<«>^|Vr(t,OI 
= (2p'(t)(0^ + Cmax{(0^ (e)i-/3-7"(i-), (^)i-7«^ {0-''^('~''>^^~^+')}\W{t,0\' 

+ C"e(^W-5i)(0^|yf/(^^^)|_ 

Let 

1 /3 m-l 
7 = mm ■ 



2 



1 + a ar ar 
Hence, max{7, 1 — (3 — 70(1 — r), — 7q;(1 — r) + / — m + 1} < 1 — 7a and 

9*|W^(t,0l' < f2p'(t)(0Uc(0~^"+^) |W^(t,Or + C"e(''W-^^)«>V(^,OI- 



Let s > be such that 

,__, 1 . \ 1 (3 m — 1\ \ 1 r — f3r — m + l 

(5.7) - > — mm< , — , >a + 1 = max 



s {1 + a ar ar I [1 + a r r 

If r — m + / > 0, this means that 



(5.^ 



f r r1 ( (3 m — I ^ 
s < mm<^ 1 + a, -, — ^ = 1 + mm<^ a, -, — }. 

{ r — p r — m + l ) [ r — p r — m + I ) 



We can assume |iy(t,^)| > 1 since when |iy(t,^)| < 1 we can use (14. ip to directly 
obtain the estimates as in the second line in (14. 9p . Choosing a suitable decreasing 
function p as in Case 1 we obtain 

(5.9) dt\W{t,O\'<0 

for all t G [0,r] and for |^| sufficiently large. li r — m + I < then the last term 
under the maximum sign in (15. 7p is negative, and hence disappears. Hence in this 
case (15. 7p means that 



(5.10) s < 1 + min 



{"•T^l 



Let us finally show that the inequality (15.80 is actually also equivalent to (I5.10p . 
Indeed, let us denote k = m — l, so that 1 < k < m. Consequently, for /3 < 1 one can 
readily check that we have ^3^ < ^3^, proving the claim. 

In analogy to Case 1, by arguing as in (14.80 . we see that (14. ip and (15. 9p imply 

(5.11) \V{t,0\ <ce(-^(*)+^(°))<«>^(O^"^^|l^(0,e)|, 
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for t G [0,T] and |^| large enough. The estimate (15. lip proves Theoreni l2.6[ Similarly 
to Case 1, fIS.lip and Proposition 12.121 imply the statement of Theorem 12.141 also 
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